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Abstract

While bundling literature focuses on risk neutratidion makers (retailers), in this study,
we portray a new perspective by addressing riskidenations in a bundling problem.
We consider a retailer who has the option of sgllirbundle of two products. We use a
Mean-Variance approach to include retailer’s rlslotigh her profit variability when
maximizing the expected value of profit. In thisearch, we also address the product
selection problem, in which the retailer choosesdaracteristics of the products to be
bundled. We study the impact of the correlatiomieein the reservation prices of the two
products. We also consider the impact of the hgtreity in the range of reservation
prices of the two products. Among other findings, sihow that optimal price made by a
risk-averse decision maker cannot be larger thamtie made by a risk neutral decision

maker.

Keywords: Pricing Management; Pure Bundling; Risk Analysigavl-Variance Analysis



1. Introduction

There is a distinction between product bundlingusriprice bundling (Stremersch and Tellis,
2002). The sale of two or more separate producispackage at a discount is defined as product
bundling while price bundling is used as a tempppaice adjustment to the main product to
prevent any negative impact on the product’s peeckequality, without bundling the products in
a package. Whether to bundle or not depends on diffayent parameters. For instance, it has
been shown that a better price discrimination ecaadhieved especially when customers’
evaluations of products are negatively correlafedthermore, bundling can help save costs
especially when customer valuations are positigcelyelated. Bundling has been shown to play
as a competitive mechanism by preserving the p&ovateterring a potential entrant, as well. Of
course, there are certain situations in which nudbng is preferred, either to enhance the profit
or to keep distance from legal concerns. Overalhdting is extensively used in different
industries. Bundling of vacation packages, softvagnglications, insurance packages, restaurant
menus, consumer products, electronic journalscoehenunication packages, etc. are some of the
common applications in daily life related to botamafacturing and service segments. The trend
of using bundles is even increasing over time dusmergence of offering bundles of services
with products, in particular for business segmébtskart, 2000; Swartz, 2000).

Despite significant research on bundling and appbos in many industries, to the best of
our knowledge, risk aspects of bundling have nenlsddressed properly in the literature. Our
objective in this study is to present risk considi@ns in bundling decisions.

We consider a monopolist retailer selling two praguo a market whose customers have
different valuations for the products. We preseauistomer’s valuation for a product through a

reservation price, which indicates the maximumeseaustomer is willing to pay for a product.



Hence, the customers’ valuation for a product, ftberetailer’s point of view, is a random
variable. In accordance with the majority of bundlstudies, we assume uniformly distributed
reservation prices. That is, the reservation psfoeach customer for a product is a draw from a
uniform distribution. However, as opposed to masties, who consider reservation prices
normalized between 0 and 1, we consider a genasal af any arbitrary range for reservation
prices. Although this more general model makegtrevation of results more difficult, as we
will show, there are some characteristics (sugbraguct heterogeneity) which can be captured
only when we consider this general form. Using gemeral model, we can also provide insights
on the special case when marginal cost is zerordar to investigate risk of bundling of
information goods.

The retailer applies pure bundling policy, in whibtle products are offered only in the form
of a bundle, and not separately. The bundlingdttee is rich with the papers which compare
pure bundling and no-bundling policies. In thiss@h, however, we focus only on the pure
bundling policy and study the product selectiongbem, through which we investigate the
impact of the characteristics of the two productbé¢ bundled. We derive expected and variance
of profit as well as optimal prices for each cdaseinclude the impact of risk on bundling
decisions, we useMean-Variance (MV) approach. Compared to other risk relatechpaaters,
the expected and variance of profit are most rgadihilable to decision makers. Hence, the MV
method can be considered as the most practicabapipr We also look at Coefficient of
Variation (COV) as a measure of risk since it measudlispersion of profit distribution and
represents significance of variation relative taamef variations. Among other results, we show

if the price that maximizes the expected profiuttsin a profit variance higher than what the



retailer is ready to accept, then she must useerlprice to achieve the maximum expected
profit constrained by the acceptable variance level

While customers’ reservation prices are indepenfient each other, the reservation prices
of an individual customer for the two different guzts can be correlated. To capture the impact
of this correlation, we present our results fooatsuous spectrum of correlation coefficients
for reservation prices ranging from -1 (perfectbgatively correlated) to +1 (perfectly positively
correlated), including the case of O (independesénvation prices). Note that in the literature
often three extreme scenarios of independent, gigrfgositively correlated, and perfectly
negatively correlated reservation prices have lstatied. Yet, they have been studied only as
an exogenous parameter and not as a decision harialthis research we look at these
scenarios, from a decision maker’s point of viewo@uct selection). The above mentioned
continuous spectrum of correlation coefficients pegsent a wide range of product selection.
The positively (negatively) correlated reservatmites present bundle of complementary
(substitute) products and the independent scepeegents a bundle of two products with
independent demands. We compare the performarmmeddct bundling for bundles of products
with different reservation price correlations aritorelated managerial insights.

The rest of this paper is organized as followsdation 2, we briefly review the related
literature. Then, in section 3, we describe the ehadd the structure of our analysis.
Specifically, in this section, we characterize pliechasing probability and its sensitivity to
product correlation. In sections 4 and 5, we retspely analyze scenarios of risk neutral and risk
averse decision makers. In either scenario, weel@ptimal prices with the corresponding

expected value and variance of profit. Then, weviplenumerical examples illustrating our



main findings. Finally, we conclude the paper bsnsarizing key managerial insights and areas

for future research. Proofs of all propositionsiar@ppendix.

2. Literature review

The literature on bundling can be categorized fdiifierent viewpoints such as product types,
number of products, bundling types, market strispand contexts. From a product perspective,
there are two mainstreams of papers in the bundtergture: bundling of goods for which the
marginal costs are explicitly modeled and bundbhgformation goods for which the marginal
cost can be easily neglected. With respect to timeber of products, most research studies limit
their scope to dealing with two products to gaimagerial insights. There are, however, other
studies that consider general cases of more thaptaducts. Pure bundling in which no
component of a bundle is offered separately, nalog, and mixed bundling in which
components of bundle are also offered paralleutedbed goods are three main categories of
bundling schemes. The market structure in whichotiredle is sold is another way to categorize
bundling works. While most literature considers @wpoly market environment, there are some
studies on duopoly and oligopoly structures, as.wel

With respect to the context, the research studidtsam economical perspective and a
guantitative flavor form the majority of the litéuae on bundle pricing (Stremersch and Telis,
2002); conducted by either economists or marketdtexature on the economics of bundling can
be segregated into three broad groups: beneflsidling as a tool for price discrimination
(McAfee et al., 1989), as a cost saving mechani&vargs and Salinger,2005), and finally as a

means of entry deterrence (Carlton and Waldmar?;208lebuff, 2004).



Traditionally, economists have explained bundliega effective tool for price
discrimination since it helps a monopolist to reglbeterogeneity in customer valuations (Bakos
and Brynjolfsson, 1999). This means the advantapeadling is especially apparent when the
values of products are negatively correlated. is ¢hse, bundling leads to more homogeneous
valuations among customers and thus greater pastionstomer surplus can be captured by the
monopolist. McAfee et al. (1989) showed that evendiing of independent products can still be
better than not bundling.

Another theme of studies on bundling has been abbagactional cost reduction; mostly in
the form of bundle discounts from which customens benefit (Dewan and Freimer, 2003;
Janiszewski and Cunha, 2004; Sheng et al., 2003) ntore recent study, Evans and Salinger
(2008) provided a model for the size of discourtt highlighted critical role of cost in
explaining bundling and tying behavior in companisath the role of demand in the previous
studies. The third advantage of bundling is engtedence, which is beyond the scope of this
study. The number of such studies is escalatingtowe (See Whinston, 1990; Carlton and
Waldman, 2002; Nalebuff, 2004; Choi and Stefan&(96; Hubbard et al., 2007; Peitz, 2008).

Bundling of information goods has been a commonwtmra for a while due to cost savings in
production and distribution of physical media sashCDs and DVDs and it is attracting more
attention over time. However, due to technologpralgresses and significant cost reduction in
reproduction and distribution of information goottaditional benefits or formats of bundling
may not be quite applicable. For instance, BakasExynjolfsson (1999) have shown advantage
of pure bundling of a large number of informatiaods. Or, Hitt and Chen (2005) have
proposed the concept of customized bundling by lvbicstomers may select a fixed number of

goods out of the total goods available for a fipeide. Their work was later extended by Wu et



al. (2008) using a nonlinear mixed-integer prograngnapproach. For a comprehensive review
of bundling literature see Stremersch and Tell30g).

McCardle et al. (2007) is the closest researauts. Similar to their work, we consider the
impact of bundling products on retail merchandisi@gr work, however, is different from that
study in several aspects. First, we consider oasydyproducts since our objective is to address
risk considerations of bundling, not comparing Heaaf fashion and basic products. Second,
we only consider pure bundling policy as our ini@mis not to compare pure bundling with no
bundling policy. However, as opposed to McCardlale2007)and most other studies
considering normalized reservation prices betweand1, we generalize reservation prices by
considering arbitrary upper and lower limits. Sfieally, the range of reservation prices of one
product considered by McCardle et al. (2007) ial@sst of the other one. There is no such
restriction in our model. As we will see later, soresults such as investigating the role of
product heterogeneity cannot be observed whenvasam prices are between 0 and 1. We also
generalize results of McCardle et al. (2007) bysodering a continuous spectrum of correlation
coefficients ranging from -1 to +1. We look at suctvide spectrum of correlations from a
decision making point of view to provide manageinaights on what type of products should be
bundled together.

Finally, with respect to the subject of risk, we @ MV approach. The MV formulation has
become a fundamental theory for risk managemeimamce, introduced first by Markowitz
(1959). The MV approach and the Von Neumann—MorgendJtility (VNMU) approach are
two practical methodologies for studying optimisatproblems with risk considerations (Choi
et al., 2008). Even though VNMU approach is a npezise approach, its application is limited

since finding an accurate form of utility functiofws individual decision makers is quite



difficult. In contrast, the MV approach is more giieal since it needs only mean and variance.
In this study, we consider the optimal pricing whinaximizes the expected profit subject to a
variance constraint. We also look at COV of prafitanother measure of risk, which represents

profit standard deviation normalized by expectddeaf profit (Miller and Bromiley, 1990).

3. Model Formulation

In a homogeneous market whose sizé iand customers’ purchasing behaviors are indepénden
of each other, we consider a monopolist retailtingetwo productsA andB under a&Pure

Bundling policy. In a pure bundling policy only a bundletafo productsA andB is offered to

the market. This policy is callgaire bundling since the products are not offered seplyra

along with the bundle.

A customer’s valuation of products represented by his reservation price for thadlpct, r.

, which indicates the maximum price he is willimgpiay to buy it. The customers’ reservation
prices for a given product are assumed to be imtbgre of each other. That is, the valuation of a
customer for produdtis independent of the valuation of another custdisrethe same product.
However, for a given customer, the reservationgsriaf the two producis andB are not
necessarily independent of each other. Specifichithyn the retailer's perspective, the
customer’s reservation price for a product is aoan variable. Following the common practice
in the bundling literature where reservation priaesassumed to be uniformly distributed, we

assume reservation prices for prodd@re uniformly distributedr, ~U[l,,u,], where

0<l, <u,. Our model, however, considers the most generi faf uniform distribution; as

opposed to most of the existing studies assumisgrvation prices normalized between 0 and 1.



We intend to define the reservation price of praddic,, as a random variable ¢h, u;],

0<I; <ug, with any desired correlation coefficient with. We therefore defing, as:

1)

B

C[[K(ra=1) +1g]A+@ =)0  if0sA<+1
_{[K(rA—IA)—uB]M(lM)o* if —1<A<0

, whereK =b/a, a=u,-1,, ando=ug —I;. In this definition,0 ~U[l;,u,] is independent af,
. Without loss of generality, we assurke<1 (for K >1, definition of product#\ andB can be

swapped). It is easy to verify that:

a) ry is a continuous and differentiable random varidbteany A;-1< A < +1.
b) Domain ofr, is the same ag for-1< A <+1.

o(ry) _

p
o) JL+207- A |

c) The correlation coefficient iso(r,,ry) = KA

d) 9% >0, for-1< A <+1.
04

According to (d), special values of -1, 0, and ed A are respectively corresponding to
correlation coefficient of -1 (perfectly negativelgrrelated or where we have highly
substitutable products), 0 (independent), and etféptly positively correlated or where we
have highly complementary products). Given prop@tjythere is a one-to-one relation between

Aandp, so through the rest of this paper we Aiss a representative pf Figure 1 illustrateg

versusi .

Considecas the unit cost of bundle apds the selling price of bundle. Assuming positive
net profit for each bundle sold and definihg u, +u, andL =1, +1,, we have the following

relations:

0< Max(c,L)< p<U ()
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Figure 1 — Correlation coefficientp versusi

We userr as the total profit earned from each individuadtomer, andll as the retailer’s
total profit. Due to the homogeneity of customenrd the fact that each customer’s purchasing
behavior is independent of other customers’ putiaigasehavior, the expected value and
variance of the total profit are, respectiveBfI1] =M.H 74 , anaV[] =M.V|[ 74 . So, through
the rest of the paper, we focus only on the expeatel variance of retailer’s profit from each
individual customer (expected and variancéotdl profit can simply be derived by multiplying
by M).

A customer buys the bundle if and only if the benpltice is not more than the sum of his
reservation prices for each product individuallgnde the probability that a customer buys the

bundle isPr(AB)= Pr(p<r, +r ). The profit function can then be written as:

, 3
0 with probability:1- PriAB ) ©)

ﬂ_{e with probability:Pr@B ¥ Prp<r, +r, )
, Wheree=p-c.
Using (3), the expected value and variance ofébaler’s profit can be derived as follows:
E[71] =ePr(AB) (4)
V[r] = € Pr(AB)(1- Pr(AB)) 5)
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Through the rest of this section, we characteheepurchasing probability of a bundle and

its sensitivity to bundle price and products caeéint of correlation .

Proposition 1: Probability of purchasing Pr(AB)is as follows:

1 if L<p<L,
priag)y =1 PRl L, < P< Pun
Pr(AB)=1 Pr(AB), =W if P, <PS Pya (6)
Pr(AB), NPl if Py < P<U,,
0 if U,<psU

1 ifA>0

her x=a(l+KA) [L,=L+(N-DbA [p,. =1,+u;—NAb
’ 0 otherwise

y=b(@-|A)) "|U,, =U+@=N)bA" | Pya =lg +Uy + NAD’ andN ={

Note that if A = —1and K =1 then the purchasing probabilifyr(AB), is not well-definedlt can be

easily verified that we always have the followirdption between the boundary limits in (6):
LSLWS Pun <SPS pMaXSnySU

: whereE =(U +L)/2=(Py, * Pux)/ 2. As figure 2 showd,, (U, ) is a linearly decreasing

(increasing) function ol when A <0and then it remains fixed At(U) whenO< A . In contrast,

Puin ( Puax) IS fixed whenA <0 and then it is a linearly decreasing (increasfoggtion of A

when 0< A so that at1 =1 it becomed. (U). This behavior of boundary limits implies thag¢ w
can have different regions specifying the valuthefpurchasing probability, as it can be seen in
figure 2. In special case #f=1, purchasing probability is simplified to only llagon since in

this special case we hay®, =Landp,,, =U

11



Figure 2 — Different regions of purchasing probabity in feasible space of(4, p)
Figure 3 shows the behavior of purchasing proltghili special cases df=-1,0,+1. As

intuitively expected, at any level of product céatmn, purchasing probability of a bundle

reduces when bundle price increase¢P((AB) /dp < Ofor anyA ). However, depending on the
sign of product correlation, we observe differesh@viors, specifically, for positively correlated
products we hav@ < Pr(AB)< 1whenL,, < p<U, . For negatively correlated products,
however, purchasing probability is zero (one) & thundle price is more (less) tha, (L,,).

For bundle prices higher thel , a purchasing probability of zero intuitively mak&ense since

products are negatively correlated and customerieas willing to purchase substitute products
at relatively high prices. However, justificatiohapurchasing probability of one at lower prices

for substitutable products is not straightforwatrthe first glance. Yet, such behavior can be

explained by the fact that when the bundle pridewsenough (less thdr, ), customers'’

willingness to acquire either produstor B can justify the payment for the whole bundle.

12
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Figure 3 — Behavior of purchasing probability ofPr(AB)vs. p, in special cases of =-1, 0, 1
Since higher values of (more complementary products) could imply thatlibadle is more
attractive to the customer, at the first glances oray expect that purchasing probability should
an increasing function df. However, as the following corollary shows, tlEsiot necessarily
true.

Corollary 1: For prices higher (less) than p, purchasing probability is decreasing (increasing)

inA; 9 P(;(AAB) <0 (a P(;(AAB) >0). Moreoverwhen p = p, purchasing probability is
independent of A ; 9Pr(AB) =0.

The above corollary suggests that in order to aeh&higher purchasing probability, a more

negative correlation of reservation prices areguretl at lower levelsf bundleprice (p < p),
while at higher levels of bundle pricgp & p), the preference of correlation is reversed. While
the behavior of purchasing probability for> p is intuitively expected, justification fgy< p
relies on the same fact that stated earlier fomggpurchasing probability of 1 for prices less
thanL,,. That is, wherp < p, purchasing probability of more substitutable pretd is higher due
to higher willingness to pay for eithAror B. The special bundle price pf= p makes

purchasing probabilities independentbf as stated by the following corollary.

13



Corollary 2: Pr(AB) __ =1/2, whichisindependent of 1.

p=p
Based on the derived purchasing probability, inftlewing sections, we analyze the cases of

risk neutral and risk averse retailers.

4. Analysis of Risk Neutral Decision Makers

We can use purchasing probability (6) to find théroal bundle price which maximizes the expected

profit.

Proposition 2: The unigue bundle price which maximizes the expected profit is as follows:

2L, +c+, /(L ,-C)’+6
p1= =2 (3xy ) Xy If C<CMin

. . _2c+U_+ .

p = p2:+pwlax if Cyin SC<Cyy (7)
. _2c+U,, .
P = 3 if Cyy <C<U,

4p,,. - -U 3 -U
,Where CMin — pMm F2)Max Xy and CMax — pMax2 Xy )

Figure 4 shows the three different regions of thgnaal bundle price in the feasible region of
(A,c). Each region ofy is corresponding to the region Bf(AB), in figure 2, where=1, 2, 3.
Specifically, ¢, is equal toJ, at A =-1and it is a decreasing function in the negative

correlation zone and an increasing function ingbsitive correlation zone, whose value

becomedJ atA = +1. As such,c,,,, has a local minimum at=0. With respect tg,,, , itis
always a decreasing functionbf whose starting point dt= -1 and ending a#l = +1are both
belowl,, . It can be easily verified thay,, is zero atA, = [2(L -a)+ 30] /%, which is less than
one ifU<2L.

14



Figure 4 — The three regions op’ in feasible region of(A,c)

In figure 4,T(A) is the bundle cost which resultsph= p. The following corollary elaborates

on this property at(A).

Corollary 3: p <P = ¢c<T(A), wheret(4) = T)—g (x is defined in proposition 1).

Later, we will see that this corollary has a sigaifiit managerial implication (see the discussion

which follows corollaries 5 and 8). The followingrollary characterizes the optimal expected

profit.

Corollary 4: The unique optimal expected profit and corresponding variance are, respectively:

E[m( p)] =

[2xy = (P, —Ly)’1(P, —©)

it ccc.
2Xy | c CMln

(2(@+L)+b(1+A)- X} if ¢,,<c<c, ®)
16x ; "

2U,, —c)’

if <csU
27xy Cutan i

As expected, for an¥, higher unit bundle costs] lead to higher optimal bundle prices and

lower optimal expected profit9f / dc >0anddE[71( p)]/ dc <0). The following corollary

characterizes the behavior of expected profit wedpect tal .

15



Corollary 5: Whenc,,, < ¢, we have: OSW = C<T(A).

The above corollary is highly important as it of@nanagerial insights on products selection. It
shows how the preferred level of correlation betwi reservation prices of the two products
depends on unit bundle cost. Whenc,,,, , optimal expected profit is decreasing (increasing

A if bundle cost is above (belo@jA). In other words, the worst operating points hagpsn
C(A), where expected profit is at its minimum. Thedaling corollary elaborates on this fact

from the perspective of risk neutral decision maker
Corollary 6: Whenc=>c,,., Min(E[71(p)]) :ﬁwhich happensatc=c(A1).
As such, by increasing or decreasing products ladioes, risk neutral decision makers prefer to

due to the complexity of the relations, it

keep distance fronﬁas much as possible. Fo«c,,,,,

is not feasible to analytically characterize thbdagor of optimal expected profit with respect to
changes in product correlation. However, numetslervations suggest that lowest optimal

expected profit happensat 0. The critical line o€ (A) is reemphasized in the next section

when risk is considered.

5. Analysis of Risk Averse Retailer

The previous section characterized the optimalrpaters for a risk neutral retailer, i.e. a
retailer who seeks to maximize the expected prefjardless of the involved risk. To
characterize the optimal solution for a risk-avergailer, we use an MV approach, i.e.;

Maximize E[m(p)]

subject to: V[m(p)I<V.., ®)

16



, WhereV__ is the acceptable level of variance (the retailesk tolerance). The following

proposition describes the behavior of the optimalepunder an MV approach. Lgt™ denote
the optimal bundle price under an MV decision cidte

Proposition 3 Unique optimal price p*¥ under MV decision criteria (9) has the following
property:

If V[ p)I<Vu then p™ = p elsep™ = argmax(Vf {{ )=V ¥ P (10)
p
This behavior is resulted from the fact that thegthat maximizes the expected profit is always
smaller than the price that maximizes the profitarce.

Proposition 4: Proposition 3 is valid for general cases where reservation prices follow any

probability distribution with a non-decreasing hazard function.

Note that the above proposition holds for almaisthel commonly used probability distributions.
To apply the above two propositions, variance ofipat p' is needed. The following corollary

is based upon (5) and (7).

Corollary 7: The profit variance at the optimal bundle pricesis:

(P -Ly)’(@y-(p -L,J)(p —cf .
NG if c<cyy,
4x°y
Vir(p)) = GREDTREA) 20);§)2(2(z<+c_a_L FO@A D s, <cscn (11)
2U,, ~c (9y-20,, ~cf) i o <csU
33X’y i

Through the rest of this section, we characteheebiehavior of profit variance and its sensitivity

to product correlation.

17



Profit variance depends on unit cost @ias such, similar to expected profit, it is a
decreasing function of unit cost. Considering the thaeis independent of, as intuitively
expected, variance of profit is always an increg$imction of , as stated by the following
corollary.

Proposition 5: Variance of profit isalwaysincreasing in A, except whenp = p at which
—av[a’;( Pl =0 anavim(p)] =€/ 4.

Since a risk averse decision maker prefers loweanees, such a decision maker should prefer
lower product correlation from this perspectivemifar to expected profit, at bundle pricef
variance is also independentiof Note that based on corollary 6 risk neutral denisnakers try
to keep distance from the conditions which leathéominimum expected profit,

Min(E[7(p)]) = x/ 4, by either reducing or increasing product corietatHowever, based on
the above proposition, risk averse decision madievays prefer to choose lower product
correlation since it results in lower variancesvadl as higher expected profit (avoiding the
minimum expected profit).

As stated in the introduction, another risk measar is the coefficient of variation. The

following corollary elaborates on this risk measoeat.

Corollary 8: The square of the coefficient of variation is: COV? = V[n]2 . -1, whichis
E[71° Pr(AB)

always increasing in the bundle price.

At p=p (or equivalently,Pr(AB)=%), the coefficient of variation is 1. By moving tavd

smaller bundle prices COV reduces to amounts kess 1. In this range of bundle price, lower

A is preferred based on corollary 1. However, forddamrices greater thgm, COV will be

18



larger than 1 representing a highly risky and degmrformance. In this range of bundle price,
COV is amplified at higher levels df. The managerial implication of the above corollalyng

with corollary 3 can be significant. Specificalifythe unit cost is less tha{A), then lower

products correlation yields both higher expectetfipand lower variance of profit. Also, as

stated before, in this region COV is less than @therwise, if the unit cost is more tha@) ,

then we will have a highly risky situation.

To provide more managerial insights, we introduneertotion of domination as follows. We say
scenario X is dominant over scenario Y, which isveh by XN Y, if X has equal or higher
expected profit and lower profit variance. Obvigu3{ N Y is a sufficient condition to have
COV(X) < COV(Y), where COM( denotes the coefficient of variation of scenaridhe
following corollary describes regions in figure 4eve the notion of domination is applicable to
different values oAl .

Corollary 9: The following dominance relations always hold:
(@) Intheregion of (A,c)belowT(A), wehave: A [l AforanyA <A, .
(b) In theregion of (4, c) aboveT(A), thereis no domination for any A, # A, .
In case (b), there is no domination since for dny A,we haveV[n]|A1 <V[n]|A2 and

E[n]|A < E[72]|A2. Hence, an MV trade-off should be made if combovabtf (A,c)falls above

C(A). Therefore,c(A) (which is corresponding to = p) is a turning point for pure bundling

policy.
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6. Numerical Examples

In this section, we present some numerical exantplélistrate findings of the previous
section. To assess product bundling from a riskgestive, we investigate the impact of unit
bundle cost, products correlation, alkdon optimal expected profit, associated varianod,tae
coefficient of variation. For products correlatiave consider three scenarios of highly
negatively correlatedA = -0.9), independent{ =0), and highly positively correlated
(A =0.9) scenarios. Similarly, we consider three levelk ¢f0.1, K =0.5, andK =0.9. To gain
managerial insights, across all three levelk pfve keep the range of reservation prices of
productA constant dt, =20, u, =100(a=80). We also keep the middle point of reservation
prices of producB constant at 60, same as the middle point of thervation prices of product
A. K can be considered as the level of heterogenettyeimeservation price uncertainty. A value
of K which is close to 1 represents a situation in thie two products have almost the same
level of reservation price uncertainty. Whknis very small, one of the products (prodarhas
a much more reservation price uncertainty tharother product (produd®). This might happen
when the retailer bundles a product with estabdstemand (low reservation price uncertainty)
with a new product (high reservation price uncettgi More specifically, the low level of

heterogeneity K =0.1) is corresponding i@ =56andu, = 64(b=8), the medium level of
heterogeneity K = 0.5) is corresponding i@ = 40andu, =80(b=40), and finally the high level

of heterogeneity K =0.9) is corresponding td, = 24andu, =96(b=72). The unit bundle cost
varies between 0 and 120, across the above condrisatin the following, we first examine the

expected profit of a risk neutral decision makgr), then we switch to the risk averse decision
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maker for which we look at the variandé () and the coefficient of variatiorOQV") at the
optimal price.

Figure 5 shows the optimal expected profit at deife levels of products correlation and
products heterogeneity, while unit bundle costas/ing. As expected, optimal expected profit is
decreasing in bundle cost. However, at the lowezl$eof unit bundle cost, negative correlation
is preferred over positive correlation and thifgmence is reversed at the higher levels of unit
bundle cost. Furthermore, the impact of productetation increases while products
heterogeneity escalates. In summary, risk neugektbn makers should have more tendencies

to negatively correlated products specially whetetwgeneity is high and unit bundle cost is

rather low.
(a) Low Heterogeneit (b) Medium Heterogenei (c) High Heterogeneit
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Figure 5 — Optimal expected profit (E") vs. unit bundle cost ¢) at different levels of
product heterogeneity (K) and correlation (1)

(a) Low Heterogeneit (b) Medium Heterogenei (c) High Heterogeneit
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Figure 6 — Variance at the optimal expected profi{V") vs. optimal expected profit, at
different levels of unit bundle cost €), product heterogeneity (K) and correlation (A1)
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(a) Low Heterogeneit (b) Medium Heterogenei (c) High Heterogeneit
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Figure 7 — Coefficient of variation at the optimalexpected profit (COV") vs. unit bundle
cost (c), at different levels of product heterogeneity K ) and correlation (A)

Figure 6 shows the behavior of profit variance wsbould be considered by risk averse
decision makers. As opposed to the risk neutrakoletmakers, we can see that risk averse
decision makers are generally quite sensitive ¢dlyet correlation and product heterogeneity.
Specifically, as opposed to very high range of baordle costs where there is convergence
independent of product correlation and productrogtneity, divergence is amplified by
reducing unit bundle cost. Furthermore, low heterngity reveals a non-monotonic behavior
such that in the medium unit bundle cost could pbgsiolate the risk threshold. Over medium
or high level of product correlation and productenegeneity increase of expected profit due to
lower unit bundle cost is simultaneously happeniit§ sharp increase of variance. The highly
negative product correlation, interestingly, offadvantage of increase of expected profit due to
lower unit bundle cost while variance remaining.flEhat is, sensitivity to unit bundle cost
reduces especially for more negatively correlatedpcts. As a managerial implication for
information goods, selection of more negativelyrelated information goods is highly critical in
medium to high product heterogeneity.

To gain more profound understanding on the impadsk consideration, figure 7 shows

changes in coefficient of variation of profit whilait bundle cost is varying. As indicated in the
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previous section, it is observed that beyond somtiead unit bundle costs, COV increases to
values greater than 1; which represents a highkysituation. Such critical unit bundle costs
are increasing functions of both products corretaind products heterogeneity. Also, while
COV is less sensitive to products correlation atdolevel of product heterogeneity, higher

product heterogeneity improves attractiveness aemegatively correlated products.

5. Conclusions

In this study, we portrayed a new perspectivesK consideration in bundling problems.
Specifically, we looked at profit variability via Wapproach and COV. We derived explicit
relations for purchasing probabilities, optimal egged profits, and variances of profit with most
general case of uniformly distributed reservatiangs and product correlation varying
continuously from perfectly negatively correlateti£ —1) to perfectly positively correlated

(A =+1) products.

We showed that there is a turning point for bunmtlee, p, before (after) which purchasing
probability and expected profit is decreasing @asing) in product correlation. We also showed
that if bundle price is greater than the turninghpdhen coefficient of variation will be greater
than one; representing a highly volatile profit ais#ty situations.

We also showed that the optimal price for risk agatecision maker is always less than or
equal to the optimal price of a risk neutral derisinaker " < p’) We proved this result for
reservation prices with any general probabilityréisition whose hazard function is a non-
decreasing; which holds for almost all the commardgd probability distributions. Such a result

revealed an important managerial consequence. fi8jadlgj if the variance of profit ap’ is less

than the acceptable level of varian¥, () then optimal bundle price for a risk averse deais
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maker under MV approachp™, will be the same as the optimal price of a risktral decision

maker; p™¥ = p". Otherwise, the optimal bundle price of a riskiaeadecision maker is always
smaller than that of a risk neutral decision maker.

We also introduced the notion of domination, whigls applied in the context of product
selection; to choose the proper correlation leeéhvieen the two productsi(). Specifically, we

observed that if bundle price is less tipgthen smaller product correlation are preferred as |

yields simultaneously higher expected profit andken variance of profit. However, if bundle

price is greater thapthen higher product correlation yields higher expégrofit but at the cost
of higher variance of profit. In other words, bumglkice of greater thgmis so costly that

coefficient of variation will be greater than one.

Through numerical examples, we illustrated the oblproduct heterogeneity. We observed
that as opposed to risk neutral decision maker sttowuld prefer more negatively correlated
products (except at very high level of unit buncidst), a risk averse decision maker at low
products heterogeneity and binding maximum riskllevould prefer more positively correlated
products. We also observed that high product hgé&reity increases the role of products
correlations.

Our work can be extended from different perspesti¥érst, bundling policy could be
extended to no bundling and mixed-bundling to cammpmeerformance of different bundling
policies from risk perspective. Our research cao ak extended to consider non-homogenous
markets which consist of different segments. Oude@havas limited to a monopoly environment
and considering other market structures such agalyor oligopoly could be other extensions.

Investigating the role of the number of products ioundle could be another direction for further
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research. Finally, we applied MV formulation foskiassessment. Considering other approaches

such as value at risk or utility function coulddrether direction for extending this study.
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Appendix

We provide proof of propositions, in this secti®noof of corollaries can be done by employing
algebraic operations such as differentiation, siineption, etc., which is left to reader. Yet, we
highlight critical points in proof of only corolles having some complexity in their proofs.

Proof of Proposition 1: Consider firft< A <1. We initially calculate the probabilities for the

most general case of independent reservation pfi¢es, we calculate the case of correlated

reservation prices from these probabilities. tet' U (I, ,u, ) andr, DU(l,,u,) be
independent. Alsox=u, —I, andy=u, —I,. GivenK <1, we havel, +u; <I; +u, and

purchasing probability will be:
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1 if psly +ly
_ 2
1- P2+ ('2X+'Y)] it 1 +1, < p<ly +u,
Xy
PI’(I’X +rY>p)= (uY +|Y);2(Ux_p) |f IX+UYS p<|Y+uX
X
_A12
[(ux +2uY) p] |f IY +ux < p<ux +uY
Xy
0 if u +u, <p

Now, Pr(AB)= Pr(, +r; > p)= Pr(, +A[l; +K 6,1, )+ A P>p |
=Pri,+Afle +K(a=1,)]+ @-1)3> p).
Let's assumer, =T, +A[l; +K(r, ~1,)]and r, =(1-A)d. Therefore, we will have:

{l\(:(l_/])ls
= x=(@+AK)a and = y=(1-A)b

{lx =1, +Alg
Uy, = (1-A)ug

u, =u, +Al; +AKa

Pr(AB)= Prf,+r,>p)= Pr(, +r,>p

For-1< A <0, using (1):Pr(AB)= Pr¢, +1y > p)= Pr{, +A[u; =K €, 1, )+ A P>p
Let's assume that, = rA+/1[uB - K(rA—IA)] andr, = (A P. Therefore, we will have:

ly =@-2)lg

0, = - A y=(1-A)b

{|x =1, +Au,

= x=a-Ab and
U, =u, +Alg

Pr(AB)= Prf,+r; > p)= Pr(, +r, > p;

Proof of Proposition 2: By substituting probabdgiof proposition 1 (and 4) into (3) (and (9)),

after differentiation and simplification, this pragition is proved. Note that the second derivative

is also negative; which is indicating that optirpates are at maximum points.
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Proof of Proposition 3: Based on (3) and (4), retipely, we have:E(77) =ePr(AB) &

ovar (1) _ 9E(17)

Var (77) =€’ Pr(AB)[1- PrAB ] =E (7 k (+ PrAB ) %

e+ PAB )

+E(7)(1- Pr(AB )~ E (7 )6 P;([fB) . Sinceai(g )5 0 (op<p ) ang_ng\B ) o

ar (77)

(for anyA , stated before corollaryﬂsava— >0 forp<p .
p

Proof of Proposition 4: Lef,;(.) and F,;(.) be the probability density function and cumulative

distribution function ofr,; (=1, +r;), respectively. The profit from each customer camfitten
as:

_|e if ry,+rg=p with probability of Pr(AB)=1-F, (p)
o otherwise ’

The expected and variance of profit from each custacan then be written as:
E[7] = ePr(AB) =e(1- F,s (p)), and
V[7] =€’Pr(AB)[1- Pr(AB)] = E[r7]e[1- Pr(AB )] = E [7kF s (p)-
To find the optimal prices which maximize the expeédrofit, we proceed as follows.

1- FAB (p*)

OE[7d _ (, _ - (p- =0= p-c=
Top ~ 0P ()= (p-0)fu(p)=0= e

The left hand side of the above equation is aressing function ofp” with a negative y-

intercept. The right hand side of this equatiotihésinverse ohazard function. The hazard
function of most famous distribution functions (umting: Normal, Exponential, Gamma,
Poisson, and Uniform) is non-decreasing, which realseinverse a non-increasing function. The

right hand side of the equation has a positivetgroept. As a result, this equation has a unique

solution, p. It is easy to verify that ap” the sign of the derivative of the expected profit
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changes from positive to negative. Therefgpe,is the unique maximizer of the expected profit

(considering the reasonable assumption of a noredsing hazard function).
]T;B = E[n]p* =(p -©o° fas( p)
For the variance of profit we have:

ovina _oHg 7
op ap

eFe(P) +E[MF (P +H7Aef (D .
We can see that for any bundle price smaller tharbtindle price which maximizes the
expected profit, the variance of profit is incregsiThis means that the bundle price which

maximizes the expected profit is smaller than tinedte price which maximizes the profit

variance. In other words we have:

ap ap

Proof of Proposition 5: [ﬂ] e’ APr(AB)L-Pr(AB)) _ =€ 29 ng‘B )(1— 2Pr(AB)), based on

041

(5). Based on corollary 1 and figure 3, we haa%@< 0 and < Pr(AB) if p<p.

d Pr(AB)

Similarly, >0 and§1> Pr(AB) if p>p. Thus, right hand side ec}\g[Tﬂ]is positive in

either case. And per corollary ,P;(/‘AB) =0if p=p % = 0 if p=p. This concludes

proof of proposition 5.
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